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Abstract

This paper presents an analytical method based on the principle of continuous distribution of dislocation to model
curved cracks in solids of arbitrarily shaped finite geometries. Both the boundary of the finite body and the curved crack
are modelled by distributed dislocation. In this method the influence function of the dislocation along the finite body
boundary is reduced to a product of the Hilbert kernel with a normal function. Similarly the influence function for the
curved cracks is reduced to the product of Cauchy kernel and a normal function. This approach results in a system of
singular integral equations. Using the order decreasing method, the system is reduced to normal integral equations,
which are solved numerically. Stress intensity factors are evaluated for a well-known crack problem and two railhead
crack problems with a view to assessing the capability of the developed method to solve complex engineering problems.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Almost all engineering components crack under service load sometime during their effective life. In-
terface cracking including debonding in surface layers, or matrix and fibres in composites, cracks emanating
from rivet hole edges and railhead fracture are some examples. The cracked components under different
loading regimes respond differently and contribute to the growth of the cracks. Many crack problems with
simple geometries under a uniform state of stress field are presented in textbooks and monographs (for
example, Sih, 1962; Murakami et al., 1987, 1992). When complex finite geometries are encountered, finite
element (FE) modelling is nowadays often used, although the FE method requires significant effort in
defining mesh around the crack tip and remeshing where crack growth is modelled. With a view to saving
effort in remeshing for the problems containing moving discontinuities, various meshless methods (Moes
et al., 1999) are reported in the literature. Unfortunately it is difficult to impose essential boundary con-
ditions in the meshless methods. With a view to overcoming such difficulties, several researchers have
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coupled the FE with meshless methods—one of the recent papers in this topic uses a collocation approach
for the coupling (Xiao and Dhanasekar, 2002). All these evidences show that the numerical methods, al-
though well developed, still require significant research, particularly for fracture modelling. This paper
describes an analytical formulation based on distributed dislocation theory for such problems, in particular
where the cracks and the geometries are arbitrarily curved.

Since the pioneering work of Bilby et al. (1963, 1968) using continuous distribution of dislocation to
model cracks, the distributed dislocation method has been employed to analyse various crack problems.
For example, Erdogan and Gupta (1971) modelled an interface flaw in layered composites; Comninou and
Schmeuser (1979) and Comninou and Chang (1985) examined the interface cracks under tension—com-
pression or shear load with particular attention to partial closure and friction effects on radially emanating
cracks from circular holes; Freund and Kim (1991) modelled spiral cracks around a strained cylindrical
inclusion; Hills and Comninou (1985) and Nowell and Hills (1987) simulated edge cracks and open cracks
in an elastic half-plane; Erdogan et al. (1974), Zhao and Chen (1997) and Han and Chen (2000) investigated
the interaction between cracks and circular inclusions, subinterface cracks, and microvoids. The applica-
tions of this elegant method, however, were mainly focused on the physical aspects of crack problems and
geometries that are restricted to infinite mediums. Furthermore, only simple configurations of the cracks
such as straight lines, circles and combination of straight lines and circles are reported.

Very little research on modelling finite bodies by continuous distribution of dislocation is reported.
Sheng (1987) has presented a formulation of boundary element method by dislocation distribution. Dai
(2002) has reported a generalised method of modelling cracks in finite bodies by distributed dislocation
and dislocation dipoles. However, this method is also restricted to simple configurations of finite bo-
dies (for example, straight lines, circles or combinations of straight lines and circles). Subsequently, for
arbitrary shaped finite bodies the boundary is required to be divided into a number of boundary ele-
ments.

To model curved cracks in finite bodies of arbitrary shapes, the method of continuous distribution of
dislocation is extended in this paper. The influence function of the dislocation along the finite body
boundary is reduced to a product of the Hilbert kernel and a normal function, and the influence function
along the crack is reduced to the product of a Cauchy kernel and a normal function. The interaction
problem between the boundary and the crack provides a system of singular integral equations. The system
of singular integral equations is transformed into normal equations using the order decreasing method. The
system of normal integral equations is then solved numerically using the standard methods available in the
literature. The solutions provide the dislocation distribution functions along the boundary and the crack
faces.

The solution of the dislocation distribution functions and the stress fields induced from the dislocation
are presented first. A set of singular integral equations is then derived followed by a numerical integral
method transforming the singular integral equations into normal integral equations. Three examples are
presented to illustrate the validity of the method, namely a well-known standard crack problem and two
complex railhead crack problems.

2. Formulation

The stress (ox, 0,y, T,) and displacement (u,, u,) in two dimensional (2D) elastic bodies are defined in
terms of the complex stress functions ¢(z) and y(z) provided by Muskhelishvili (1963) as shown in (1) and
(2), respectively

0w + 0y = 2| P(2) + O(2)]

126) + 2 1)
Oy — Oy + 211y, = 2[20'(2) + P(2)]
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Fig. 1. A dislocation in an infinite plane.

26(uy +iuy) = kp(2) —20(2) = Y(2) 2)

where the over bar sign represents the conjugate of the complex function; and @(z) = ¢'(z), ¥(z) = ¥/'(z),
and k¥ = (3 —v)/(1 4+ v) for plane stress, k = 3 — 4v for plane strain, in which v and G are Poisson’s ratio
and shear modulus of the material, respectively.

Bilby and Eshelby (1968) provided a solution for an edge dislocation at point z, in an infinite plane as

shown in Fig. 1 as
O(z) = 4/(z ~ z.) 5
V() =A)(z—z,) + Az ) (z — z,)

where
A =GB, +ip,)/[in(1 + )] 4)

in which 8, and B, are the Burgers vector defined as increased displacement around the point z,.
The normal and the tangential stress components at a point z induced from the dislocation at z, are
derived by substituting (3) into (1) and employing (¢,n) coordinates with incline angle 0

Opn — i‘C,,, = ﬂxf;c(zyza) + ﬁy]j/(z7za) (5)

where

B G 1 1 20
f‘(z’z")ni(1+;<)< te

G 1 1 sio| 1 -z

2.1. Decomposition of original problem

Consider a finite body of arbitrary shape that is a cut-off from an infinite plane by a closed crack, as
demonstrated in Fig. 2. The original problem of a curved crack in a finite body may be regarded as the
superposition of two subproblems.
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Fig. 2. Decomposition of original problem.

The first subproblem is an infinite plane with a closed curved crack and the second subproblem is an
infinite plane with an open crack of arbitrary shape. Both the closed crack and the open crack are modelled
by continuous distribution of dislocation.

As shown in Fig. 2, the closed crack is denoted by C; and the open crack by C,. The distribution
functions of Burgers vector f, and , are denoted by g1.(z,) and g1,(z,) along C; and by g».(z,) and g3,(z,)
along C,. The normal and tangential stress components at a point z on C; or C, induced by the distributed
dislocation are obtained from the integral of the stress induced by the dislocation at point z, as shown in

().
Ty (2) — 1Ty (2) = / [8x(2)2(2,20) + 8y (20) (2, 20)) dza (7)

C.
where j =1 for C; and 2 for C,. As shown in Fig. 2, the coordinate system (¢, n) at point z moves and
rotates as point z moves along C; or C,, and 6 in (6) is a function of z.
Superposition of the two subproblems provides the solution to the original problem. From the boundary
conditions along the cracks defining the finite body, the integral equation shown in (8) is derived.

/C glx(za).f;c(zaza) +g1y(za)_f;)(zvza)dza +/ glx(za).f;c(zaza) +g2y(za)fy(zvza)dza

G
= pm(z) —ipu(z) z on C; or G, (8)
where p,,(z) — ip.(z) are external normal and tangential boundary tractions prescribed to crack faces and
the finite boundary.

The displacements are single-valued around the contours C; and C,. These conditions lead to a set of
integral equations in (9) and (10) for C; and C,, respectively.

/C ) dz =0, / e de, =0 9)
/C a)dn =0, / na)de =0 (10)

2.2. Singular integral equations

The set of integral equations shown in (8)—(10) provides the basis for solving the original problem. The
right side of these equations and the kernel functions (f;(z,z,) and f,(z,z,)) in the left side of these equations
are known functions, while the dislocation distribution functions, gi.(z.), g1,(z.), €2(24), &2y(24), are un-
known functions.
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Fig. 3. Representation of an arbitrary shape as an equivalent circle.

From (6), it can be seen that (8) is a singular integral equation. It has been reported that the kernel in (8)
is the Cauchy kernel when the integral contour is a straight line (Zhao and Chen, 1997), and the Hilbert
kernel when the contour is a circle (Han and Chen, 2000). For arbitrary shaped integral contours, no
solution is yet provided in the literature. The kernel functions vary directly depending on the shape of the
boundary and that of the crack. However, as the order of these kernel functions does not change, we can
reduce them to products of the Cauchy or Hilbert kernels with normal functions.

In order to expand the kernel functions into the products of singular and normal functions, as shown in
Fig. 3, we express contour C; by z;({) in terms of an auxiliary variable (.

The auxiliary variable denotes the hoop angle of a circle with the same hoop length, Z,, as C; and has a
relation with the length / between a point z and a reference point o on C; as

{=2nl/Ly (11)

Substituting (11) into (6) and noting z and z, corresponding to hoop angles { and s (see Fig. 3), respectively,
(6) is redefined as

fe(2,2a) = Fix({;5) /2 tan((s - {)/2)

12
£(2.2) = Fy(£.9)/2tan((s ~ 0)/2) "
where Fi,({,s) and F,((,s) are normal functions whose values are determined by
Fill,5) = 2£21(0),21(6)) tan((s = 0)/2) i~
Fiy((s) = 2/,(21(0), 21(s)) tan((s — £)/2)
When s = {, they are defined from (6) and (13) as the limit when s — {
____ G 4<c>_l_zem .
G =109 20 "
F = A R |
1y(C7C) 7I(1+K)Z/1(€) <Z’1(C)+ +e (C) ‘|>

Similarly we express the contour C, as z,(s) function of a length from a point to midpoint of C, and by
expanding the kernel functions into products of the Cauchy kernel with normal functions.

fr<Z7Za) = FZ’C(C7 S)/( - Z_,,)

Jy(z:2a) = Foy(L,5) /(s = 0) (15)
Normal functions F,({,s) and F,({,s) are given by

Fo(Los) = (s = Ofx(22(0), 22(5))

Fy(£,5) = (s = Ofyz2(0), 22(5)) (16)
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When s = {, they are defined from (6) and (16) as the limit when s — {

B G (O A ()
B D =i o5© (zJ(C) IR G > (7
7
B -G 25(0) 2i0 Z/ZE,
Fy(L,0) = (1 + 1)z (0) <m+ e 7(0) 1])

The dislocation distribution functions gi.(s) and g;,(s) are normal functions for contour C; with some
exceptional cases of edge cracks or notches that will be presented in a separate paper. The functions g,.(s)
and g»,(s), however, are singular at crack tips. Thus they are redefined as

gcls) =h) /I =8y (18)

where A, (s) and A,(s) are two normal functions; L. denotes the half length of the crack.
Substituting (12), (15) and (18) into (8), a singular integral equation with Cauchy and Hilbert kernels is
derived

/ 8($)Fix(C5) + &1y (9)F(Es) oo / ha(5)F(C5) + hy(8)F(C,5) 4
¢ 2tan((s — {)/2) o VLT =52 (s = ()
:pnn(é/) - ipnt(C) C on Cl or C2 (19)

By using the properties of the two kernels

1
/cl an(G-0/2) &0 20)

ds =0 (21)

the singular integral equation (19) is reduced to a normal equation shown in (22)

ds

/ 2u(5)Fi((s) — g (OF (L D) + gly(S)Fly(Ca 5) — gly(C)Fly(Cv {)
o 2tan((s — {)/2)

+/ hy(s)Fou (€, 8) — (O F2u (8, 0) + Ay ()P (s) — By (O)F5 (€, )
& VI =8 s =)

:pnn(C) - ipnt(C) C on Cl or C'2 (22)

ds

To determine the unknown functions in (22), gi.(s), g1,(s), &.(s) and k,(s), they are expanded into the first
kind of the Chebyshev series as shown in (23)
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glx ZAIW S/TC
guy(s ZAU/ i(s/m)
= ZAzij}(S/LC)
Jj=0
M
s) = AayTy(s/Le)
/=0

where T(s) is the jth order Chebyshev polynomial. Substituting (23) and (18) into (9) and (10), the fol-
lowing relations are derived

M)2

ZAIX(Z/)/(I —47)=0

=0

M2

ZAlyaj)/(l —45%) =0 (24)
=

A2x0 =0
AZyO = 0
Considering the conditions g,(n) = g1,(—n) and g,(n) = g1,(—n), two other relations are derived as
M)2
ZAlx(Zj—l) =
=
w2 (25)
ZAly(ZJ*U =0
=
Substituting (25) and (24) into (23), the four functions in (23) are redefined as
M+1
gux(s ZAW T (s/m)
M1
giy(s ZAUJ (s/m)
(26)
9 =3 An /L)
=1
M
() =D Aoy Ty(s/Lc)
=1
where
o Ti(s)—1/(1—,*) when jis even
Ti(s) = { Ti(s) —s when j is odd (27)
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Substituting (26) and (27) into (22), and employing the Chebyshev numerical integration method, a system
of linear equations is derived from (22)

Ml AT} (se/m) v (8 sv) — Aug T (8 /7, &)
ZZ Zan((sx = 5)/2)

el Al}, *Sk/TC)Fly(C/,Sk) Alxj]}*(gl/n)ﬂy(ClaCl)
22 2tan((s — £,)/2)

+M+1 ZN: Ao Ti(si/Le)Fax (8, 51) — Ao Ti(8 /Le) Fox (81, 6))

O

Ok

= = (s = &)
M+1 N T o T
+ Z AZ}yT}(Sk/LC)Féy(ChSk) AZ,WT}(C//LC)FVLV(CM él) — pnn(C]) _ ipm(C]) (28)
=2 k=1 (8¢ = &)
where
sg =cos((2k — 1)n/2N)n  on C|
sg =cos((2k — 1)n/2N)L. on C,
n on C (29)

{;=cos((2l - 1)n/2N)L
o, = sin((2k —

((2k—1)
((2k—1)

{; =cos((21 — )z/2N)
(( ) L. on G
((2k = 1)n/2N)

in which the unknown coefficients 4,,;, 41,;, 42,; and 45,; can be evaluated numerically.
Once these equations are solved, the stress intensity factors at the two tips of the crack are calculated
from the values of the normal functions, 4,.(s) and %,(s), at the two tips as

Gin . Gin

K =K +iKy = i K)\/E{h (L) + iy (L)} = i K)\/n_LZ Z (A + 142y (30)
for the tip s = L., and
. . Girn M | .
K =K +1Ky = i+ K)\/EZ_{ W(=Le) +ihy(—Le)} = RN ;(—U (A2 + idy;) (31)

for the tip s = —L..

A MATLAB program was developed to solve the problem of curved cracks in arbitrary shaped finite
bodies subjected to loading and boundary conditions. In particular the parameters in (28) were set as
M =60, N = 80, and v = 0.3. The input to the program includes the configurations of the problem and
loading conditions, and the output of the program provides stress intensity factors at the crack tips.

3. Numerical examples

To assess the performance of the developed continuous distribution dislocation method, three examples
were considered. The first is a well-known crack problem (Murakami et al., 1987) and the second is a
railhead problem containing a straight crack inclined at various angles to the vertical symmetry axis of the
rail. The third problem is a railhead containing a curved crack.
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3.1. Example #1

A rectangular plate (height 24, width 2w) that contains a straight central crack of length 2a, is subjected
to a uniform tensile stress perpendicular to the direction of the crack. The problem was solved for varying
lengths of cracks (Semi-crack length varying from zero to 0.7w). Two sizes of plates, one square i#/w = 1
and one rectangular, 2/w = 0.5, were also considered.

The variation of the stress intensity factor normalized by Ky = ¢+/7a is shown in Fig. 4. The solutions
provided by Dai (2002) and those predicted by the current method are also shown in Fig. 4. It can be seen
that the normalized SIF tends towards unity as the crack length decreases to zero. This shows that the plate
can be regarded as an infinite plane for small cracks. As the crack size increases, the normalized SIF in-
creases and is far bigger than unity for larger cracks (in some case as high as 3).

It could be seen that the results of the current method agree very well with the results of Dai (2002) as
shown in Fig. 4. This agreement validates the method for simple standard cases. To illustrate the appli-
cability of the method to a somewhat more complex problem, a cracked railhead section was considered as
Example #2.

3.2. Example #2

A standard rail section UIC 71 (Profillids, 1995) was used for this purpose (Fig. 5). The overall height of
the section is 186 mm, the width of the head is 76 mm and the base is 160 mm. Since the rail web is relatively
long and thin, the boundary condition at the base was considered to be less significant to the railhead
stresses. Consequently the bottom surface of the rail foot is subjected to uniform force to balance a dis-
tributed uniform load P applied to the railhead symmetrically as shown in Fig. 5. Width of the load P, w, is
10 mm. The Poisson’s ratio and the Young’s modulus of the rail steel are assumed as 0.3 and 210 GPa,
respectively.

In this problem, a 5 mm crack is positioned at 165 mm above the rail foot within the railhead. The line of
crack was assumed to make an angle ¢ with the vertical axis. When the angle ¢ = 0°, the cracked rail is said
to possess vertical split head (VSH) defect. The stress intensity factor (SIF) for mode I, K, has a maximum
value for this VSH defect, while the mode II SIF, Kj;, is zero.

- 4 : :

Gas| AN — C““y

< A 2w 0 Dai (2002)

-

~

= | 2a

% 25 <> /9 \

E 2 | / ¢ ¢ ¢ ‘L YW= 0:5

IR A

N it et

cé h/w=1.0

2 0.50 02 0.4 0.6 0.8
alw

Fig. 4. Effect of crack size on mode I stress intensity factor.



408 J.-J. Han, M. Dhanasekar | International Journal of Solids and Structures 41 (2004) 399411

W
0.2 W p
. -
/J

0.1

<
0.05

N

oL _
01 4 0054 o Aoos 4 o1

(m)
Fig. 5. Profile of UIC71 rail section.

0.15 , :
8 o4l O FEM Results
5 0.
& Current Method g
£005|- U~
% 0 KI / KO /
8 ¥s;
& -0.05 A
7]
o
£ o1 ) /@/
2 015 K11/Ko /@/
& o o ol
g 02 —_
‘5 [ w— o
Z.-0.25

500 400 30° 20° 10° p 0°
Crack angle

Fig. 6. Effect of crack angle on stress intensity factors.

Analyses for the range of angles ¢ from 0° to 45° were considered. The stress intensity factors, K; and
Ky, were normalized using a factor Ky = Py/ma. The normalized SIF are plotted against the crack angle ¢ in
Fig. 6.

With a view to validating these results, FE analyses of the rail section containing the crack were carried
out. ABAQUS was used for this purpose. A typical mesh used for the analysis is shown in Fig. 7. Eight
noded plane strain elements (CPES8) were used. These elements were collapsed as quarter-point singular
elements around the crack tips. The mesh typically contained 1075 elements and 3347 nodes. SIFs were
extracted from interaction integrals (Shih and Asaro, 1988).

Fig. 6 also shows the results obtained from the FE analysis. It can be seen that the results obtained from
the method presented in this paper agree very well with those of the FE analysis, thus validating the new
method. From Fig. 6 it could be concluded that mode I SIF, Kj, attains a maximum value for VSH defect
and reduces steadily with the increase in the angle. When ¢ > 24°, K| becomes negative, implying that the
crack will close. The mode II SIF on the other hand increases with the increase in ¢ angle. The results in
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Fig. 7. FE mesh of a railhead containing a straight crack.

which the mode I STF provides negative values, as shown by the dashed lines in Fig. 6, lead to inappropriate
solutions. This is because that the crack faces near the tips for these cases are no longer traction-free due to
re-establishment of contact. The complex cases require further development of this method.

3.3. Example #3

For the railhead and loading shown in Example #2, a curved crack of length 3 mm was considered in the
third example as shown in Fig. 8. The crack has three segments—the central part being a straight line
inclined to the vertical axis at an angle of 45° connected to the two segments are curves anti-symmetric to
the horizontal axis as shown in Fig. 8. The two tips of the curved crack point to the vertical direction. This
example is used to calculate the SIF by the current distributed dislocation method and the FE method
(using ABAQUS). The finite element mesh used in the analysis is shown in Fig. 9.

The normalized SIF for modes I and II fracture obtained for the problem of railhead containing a curved
crack are listed in Table 1. It can be seen that the results obtained from the method presented in this paper
agree very well with those from the FE simulation, thus validating the distributed dislocations method for
arbitrary shaped cracks.

1.5

(mm) )

05

-1 /

-1.5
-1.5 -1 -0.5 0 0.5 1 (

-5

Fig. 8. Configuration of the curved crack.
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Fig. 9. FE mesh around the curved crack.

Table 1
Normalized SIFs for the railhead containing a curved crack
Mode I SIF K;/K, Mode II SIF Kj;/K,
Up tip Low tip Up tip Low tip
Current method 0.1064 0.1078 —0.1349 —0.1264
FE simulation 0.1044 0.1059 —-0.1313 —-0.1228

The shape of the crack, not just its size, appears to affect the crack propagation potential. For example,
Example #2 has provided that the normalized SIF for mode I fracture for the railhead containing a VSH
defect is 0.086. The curved crack in Example #3 has shown that the normalized SIF for mode I fracture is
0.106 that is some 19% higher than that of the VSH defect, although both the VSH and curved cracks are 3
mm long each.

4. Conclusions

A new analytical method to solve singular integral equations is developed which extends the distributed
dislocation method to examine curved cracks in finite geometries of arbitrary shapes. It is proved in this
paper that this method can produce very accurate solutions for stress fields and crack tip parameters. The
method of distributed dislocations is elegant, easy to use and does not require meshing that consumes
significant human time.

A crack problem for railhead was studied. It is found that the normalized SIF for mode I fracture for
railhead containing a VSH defect is the maximum. As the angle of inclination increases, it has been found
that the normalized SIF for mode I fracture decreases in such a way that when the angle is larger than 24°,
the crack would close. The SIF for mode II fracture, however, has been found to increase with the increase
in the angle of inclination of the crack. When the crack is curved in such a way that its tips point vertically
(up or down), the normalized SIF for mode I fracture has been found to be some 19% larger than that
corresponding to the VSH defect.
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